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Abstract. A detailed calculation of interface phonon assisted electron intersubband transition in double
GaAs/AlGaAs quantum well structure is presented. Our calculation concentrates on the lowest two sub-
bands which can be designed to be in resonance with a given interface phonon mode. Various phonon mode
profiles display quasi-symmetric or quasi-antisymmetric shapes. The quasi-antisymmetric phonon modes
give rise to much larger transition rates than those assisted by quasi-symmetric ones. The transition rate
reaches a maximum when the subband separation coincides with a given phonon mode energy. The calcu-
lation procedure presented here can be easily applied to the design and simulation of other low dimensional
semiconductor structures, such as quantum cascade lasers.

PACS. 78.67.De Quantum wells – 63.20.Kr Phonon-electron and phonon-phonon interactions
– 72.10.Di Scattering by phonons, magnons, and other nonlocalized excitations

1 Introduction

The teraherz (THz) electromagnetic spectral region has
recently attracted much attention due to its applica-
tions in imaging, communication, astronomy and biologi-
cal sensing. Several new ideas have been proposed to pro-
duce THz radiation [1–9]. The remarkable success of THz
intersubband quantum cascade lasers (QCL) has been re-
cently reported [6,7]. Central to the intersubband based
THz devices is the phonon assisted transition and car-
rier relaxation. Phonon assisted transitions should be de-
signed to maximize the population inversion [10,11]. It
has been shown that the electron phonon scattering rates
may be dominated by interface phonons for the case where
quantum well confinement dimensions are less than about
50 Å [10]. It is then desirable to band engineer quan-
tum well parameters to allow interface phonon assisted
transitions to occur and to maximize their rates. This is
the key point to achieve a lowest lasing threshold. A new
structure to produce THz radiation by optical pumping
in double quantum wells (DQW) has been demonstrated
recently [8,9]. In the DQW three-level system, electrons
emit THz ratiation when the population inversion between
the second and the third subbands is achieved. The in-
terface phonon assisted transition is believed to play an
important role in the lasing process.

In this article, we carry out calculations of subbands
in GaAs/AlGaAs DQW using Schrödinger equation cou-
pled with Poisson equation [12]. The interface LO phonon
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modes in the dielectric continuum model are used in
the Fermi golden rule to evaluate intersubband transition
rates. Our results show that the DQW parameters and in-
terface phonon potential profiles can greatly influence the
transition rates.

2 Electron states in quantum well structures

The eigen-energies and wave functions for electrons in
the quantum well structures are obtained by solving the
Schrödinger equation with an appropriate Hamiltonian.
Neglecting many body interactions among electrons, the
one-electron Hamiltonian is used to describe the electron
motion in a DQW structure. Choosing the z coordinate as
the quantum well direction, the one-electron Schrödinger
equation in the effective mass approximation is written as

−�
2

2
d
dz

1
m∗(z)

d
dz
φ(z) + V (z)φ(z) = Eφ(z), (1)

where φ(z) is the envelope wave function, � is the Plank’s
constant divided by 2π, m∗(z) is the effective mass near
the conduction band edge, which is constant in the well
or barrier region, E is the z component of the energy, and
V (z) is the total potential energy,

V (z) = Vbuilt−in(z) − |e|VF (z), (2)

where Vbuilt−in(z) is the built-in potential energy, and
−|e|VF (z) is the net electrostatic potential energy due to
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Fig. 1. Self-consistently calculated DQW structure potential
profile and the lowest three subband wavefunctions. The two
GaAs well widths are 73 Å and 60 Å. The AlGaAs barrier
width is 11.3 Å. The modulation doping is placed 100 Å away
from the DQW. The total electron density is 3 × 1011 cm−2.

screening effect. VF (z) is obtained by solving the Poisson
equation with an appropriate charge distribution inside
the quantum well. Self-consistent calculations are required
to take into account the screening effect. VF (z) satisfies
the following Poisson equation,

d
dz

(
ε(z)

d
dz

)
VF (z) = −|e|[ND(z)−NA(z)+p(z)−n(z)],

(3)
in which ε(z) is the dielectric constant, ND(z) and NA(z)
are the densities of donors and acceptors, respectively, and
p(z) and n(z) are the densities of holes and electrons,
respectively. The boundary conditions are VF (z) = 0 at
the quantum well boundaries (without an applied elec-
tric field). For an n-type modulation doped quantum well,
ND(z) � NA(z) and n(z) � p(z) are assumed, andNA(z)
and p(z) are neglected in solving the Poisson equation.

For the ith subband, the density ni(z) at position z
equals the electron surface concentration in the ith sub-
band Nis, multiplied by |φi(z)|2. The total electron den-
sity n(z) is the sum of the densities in all subbands:

n(z) =
∑

i

ni(z) =
∑

i

Nis|φi(z)|2. (4)

The band nonparabolicity effect of the effective mass
is taken into account by the Kane-type dispersion [13].
The self-consistent calculations are performed to solve
the wave function, subband energy, potential profile and
carrier distribution. Figure 1 shows the resulting DQW
total potential and the lowest three subband wave-
functions. The calculated example of the asymmetric
DQW structure, similar to those investigated experimen-
tally [9], consists of two GaAs quantum wells separated by
Al0.35Ga0.65As barriers. The GaAs well widths are 79 Å
and 60 Å, respectively. The barrier between the two wells
is 11.3 Å. Two modulation doping spikes are placed at

Fig. 2. Energy spacings between subbands as a function of
the second well width. The first well and the barrier width are
fixed at 79 Å and 11.3 Å.

100 Å away from the DQW. The total electron density is
3 × 1011 cm−2.

With the widths of the first well and the barrier fixed,
the energy separation between the subbands can be tai-
lored by changing the width of the second well. Figure 2
shows the relation between subband separation and the
well width. We can easily select the proper well width to
make the first two subbands in resonance with a given
interface phonon mode.

3 Interface phonon modes in quantum well
structures

In theoretical treatments of electron-LO-phonon interac-
tions in heterostructures, both macroscopic [14] and mi-
croscopic [15] approaches have been employed. The elec-
trostatic potentials and dispersion relations of interface
phonons in the DQW structure are determined by the
transfer matrix method [16]. Interface phonon modes are
characterized by exponentially decaying amplitudes away
from a heterointerface. The frequencies of these modes
depend on the type of materials used in the heterostruc-
ture and the number of the modes depends on the num-
ber of interfaces in the structure. The electrostatic poten-
tials of interface phonon modes are linear combinations of
exponentially-growing and exponentially-decaying spatial
functions. The form of the interface phonon mode along
the growth direction in any given layer is expressed as

Φi(q, z) = Aie−qz +Bie+qz , (5)

where q is the phonon wave vector in the in-plane direc-
tion. If there are n interfaces of alternating binary and
ternary materials (such as the structure we study here),
there are 3n interface modes. Since there are four inter-
faces in the DQW structure, we find 12 interface phonon
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Fig. 3. The interface phonon dispersion relation calculated
for the DQW structure. The two GaAs quantum wells have
well widths of 79 Å and 52 Å. The AlGaAs barrier width is
11.3 Å. 12 interface modes due to the four heterointerfaces in
the structure are shown.

modes. The phonon potential as well as the tangential
component of the electric field have to be continuous
across each heterointerface. For example at the interface
of the ith and (i + 1)th layer, the electrostatic potential
should satisfy the following equations,

Φi(q, z) = Φi+1(q, z), (6)

εi
∂

∂z
Φi(q, zi) = εi−1

∂

∂z
Φi−1(q, zi). (7)

Following the Lyddane-Sachs-Teller relation, the di-
electric function εi can be written as follows. For a binary
compound semiconductor:

εi(ω) = εi(∞)
ω2 − ω2

LO

ω2 − ω2
TO

, (8)

and for a ternary compound semiconductor:

εi(ω) = εi(∞)
(ω2 − ω2

LOA)(ω2 − ω2
LOB)

(ω2 − ω2
TOA)(ω2 − ω2

TOB)
· (9)

The transfer matrix method [16] is used to compute
the phonon frequencies as well as the mode electrostatic
potential profiles. The dispersion relation is obtained by
requiring the phonon potential to vanish when z = ±∞.
Detailed descriptions of this method as well as dielec-
tric constants and phonon frequencies are found in refer-
ence [16]. Figure 3 shows the calculated results. There are
eight GaAs-like modes having energies from 32 to 37 meV
(four lower GaAs-like modes and four upper GaAs-like
modes), and four AlAs-like around 46 meV. The normal-
ization of the potential of each interface phonon mode is

given by

�

2ω
=
∑

i

ε0
2ω

∂εi(ω)
∂ω

∫
Ri

dz

(
q2|Φi(q, z)|2 +

∣∣∣∣∂Φi(q, z)
∂z

∣∣∣∣
2
)
.

(10)
The amplitude of phonon mode potential can be deter-

mined from this relation. Electrostatic potentials for the
interface phonon modes in DQW are plotted in Figure 4.
Since the DQW structure is asymmetric, the phonon po-
tentials do not possess exact parities. Strictly speaking,
these modes cannot be categorized as symmetric or anti-
symmetric interface modes. For convenience and as an ap-
proximation, we separate them into quasi-symmetric and
quasi-antisymmetric modes according to the signs of the
potential in the two wells. If the signs of a mode are the
same, we call this mode quasi-symmetric; and the opposite
is true for a quasi-antisymmetric mode. In each panel of
Figure 4, there are two quasi-symmetric interface phonon
modes and two quasi-antisymmetric ones. We will see that
the quasi-antisymmetric modes give rise to much larger
scattering rates than the quasi-symmetric modes.

4 Phonon assisted intersubband transition
rates

The phonon induced transition rate between two elec-
tronic states |n, k〉 and |n′, k′〉| is given by Fermi’s golden
rule,

W
(a

e)
n,n′(k, k′) =

2π
�
|〈n′k′, Nq ± 1|He−ph|nk,Nq〉|2

× δ(En′ + Ek′ ± �ω − En − Ek) (11)

where En and En′ are the band-edge energies of the nth
and n’th subbands, k and k′ are the in-plane wave vectors
of the initial and final states, respectively, Ek = �

2k2/2m
is the in-plane energy, ω is the frequency of a given
phonon mode, and Nq is the phonon population follow-
ing Bose-Einstein statistics. The superscripts e and a de-
note emission and absorption processes, respectively. The
energy and momentum are conserved during the tran-
sition process. When the subband separation is smaller
than the phonon energy, an electron emitting a phonon
has to possess some in-plain energy. The two dimensional
in-plane wave vector conservation relation can be writ-
ten as k = k′ + q. Due to energy conservation, some
transitions are forbidden. For the emission process, when
Ek < �ω′ ≡ �ω− (En−En′) and ω′ > 0, i.e., the two sub-
band edges are closer than a phonon energy and the elec-
tron does not posses enough initial kinetic energy, there
are then no final states available and the process is for-
bidden. For ω′ > 0 and Ek > �ω the interface phonon
assisted emission rate can be written as [10,17]

Wn,n′(k) =
1

4π2

2π
�

(Nq + 1)
∫ θmax

−θmax

dθ
2m
�2

×|F (q+)|2q+ + |F (q−)|2q−
|q+ − q−| , (12)
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Fig. 4. Electrostatic potential for the interface phonon modes
in the DQW structure: (a) lower GaAs-like interface phonon
modes, (b) upper GaAs-like phonon modes, and (c) AlAs-like
phonon modes. The parameters of the DQW structure are
GaAs (79 Å)-AlGaAs (11.3 Å)-GaAs (52 Å). For this plot q is
set to be 1.0 × 108m−1. The corresponding phonon energy for
each mode is shown in each panel.

Fig. 5. Scattering rate for interface phonon modes. The struc-
ture parameters are 79 Å–11.3 Å–54 Å. The contributions from
the quasi-antisymmetric modes are more evidence than the
quasi-symmetric modes.

where

F (q) = −
∫

dzeφ(z)ψ∗
n(z)ψn′(z), (13)

q± = k cos(θ) ±
√
k2 cos2 θ − 2m

�
ω′, (14)

θmax = cos−1

(√
2mω′

�k2

)
, (15)

For ω′ < 0

Wn,n′(k, q) =
1

4π2

2π
�

(Nq + 1)
∫ 2π

0

dθ
2m
�2

|F (q+)|2. (16)

For the absorption process, similar expressions can be
deduced under the same assumptions.

Only the emission rates are calculated here and are
shown in Figure 5. From Figure 5, we can see that only sev-
eral modes have dominant effects on the interface phonon
modes assisted scattering rates. These modes are quasi-
antisymmetric modes. Their potentials have the opposite
sign in the two wells. Due to the parity consideration, the
transition rates for the symmetric modes are zero in a sym-
metric structure. Since our DQW structure is asymmetric,
each mode has its own contribution to the transition rates.
Our calculation shows that the quasi-symmetric mode and
quasi-antisymmetric mode contribute quite differently to
the phonon assisted intersubband transition. In Figures 6
and 7, we will consider two interface phonon modes sepa-
rately. One is the quasi-antisymmetric mode which has the
largest scattering rates of all the interface modes, the other
one is the quasi-symmetric modes which has a phonon en-
ergy close to that of the quasi-antisymmetric one. Let the
two well widths of the DQW structure be 79 Å and L,
where L is varied. The barrier width is 11.3 Å. The profile
of the phonon mode at the energy of 36.19 meV has the
same sign in the two wells – quasi-symmetric. Its potential



B.H. Wu et al.: Interface phonon assisted transition in double quantum well 13

Fig. 6. Comparison of the transition rates for different well
widths. The first well and the barrier width is fixed at 79 Å
and 11.3 Å. Only the second well width (L) is varied. Only one
quasi-symmetric phonon mode is considered in the calculation.

Fig. 7. Comparison of the transition rates for different well
widths. The situation is the same as the former one, but the
phonon mode considered here is a quasi-antisymmetric one.
The quasi-antisymmetric phonon assisted transition rate is
about an order of magnitude larger that assisted by the quasi-
symmetric phonon mode.

profile can be found in Figure 4. Intersubband transition
rates assisted by this mode is calculated. When L is var-
ied from 48 Å to 58 Å, keeping all other parameters fixed,
the calculated transition rate is shown in Figure 6. The
same calculation is done for a quasi-antisymmetric mode
at 35.51 meV. The result is shown in Figure 7. Comparing
these results we find that the quasi-antisymmetric phonon
assisted transition rate is significantly larger than that for
the quasi-symmetric mode. This is reasonable consider-
ing the quasi-symmetric and quasi-antisymmetric shapes
of the ground and the first excited state envelope func-
tions. When the second well width is made to equal

Fig. 8. Peak transition rate as a function of the second well
width for the quasi-symmetric phonon mode. The structure
parameters are the same as Figure 5.

Fig. 9. Peak transition rate as a function of the second well
width for the quasi-antisymmetric phonon mode. The structure
parameters are the same as Figure 6. Note the enhancement
when the phonon energy matches the subband separation.

the first, the structure becomes symmetric. The quasi-
symmetric and quasi-antisymmetric modes now become
exactly symmetric and antisymmetric, respectively. The
parity selection rule takes effect. The symmetric interface
phonon assisted intersubband transition is now exactly
forbidden and the antisymmetric interface phonon mode
dominates the scattering process. In our structure, the role
of quasi-symmetric interface phonon mode is expected to
be weaker compared with quasi-antisymmetric mode. Our
result agrees well with this consideration. This effect is
also displayed in the peak transition rate as a function of
the second well width (Figs. 8 and 9).
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The peak transition rate is defined as the maximum
value of transition rates as a function of the in-plane en-
ergy. The quasi-antisymmetric interface phonon assisted
transition rates are about one order of magnitude larger
than those for the quasi-symmetric interface phonons.
Note the enhancement in the intersubband scattering rate
when the subbands are exactly �ω apart. The quasi-
antisymmetric interface phonon mode is resonant when
the second well width is between 50 Å to 52 Å aaccord-
ing to Figure 2. The result in Figure 9 exactly shows this
conclusion. The quasi-symmetric interface phonon mode
however displays no obvious resonance in Figure 8. In
the device design, we should concentrate on the quasi-
antisymmetric mode since it gives rise to the main scat-
tering rate.

5 Conclusion

In this paper, we have calculated the interface phonon
assisted scattering rates in DQW structures. The wave
function was calculated by solving the Schrödinger equa-
tion coupled with the Poisson equation. The nonparabolic
effect is included by the Kane-type dispersion. The in-
terface phonon modes were calculated using the transfer
matrix method. It is found that the life time (inverse tran-
sition rate) can be very short, less than one picosecond.
The interface phonon scattering is therefore very effective
to help to achieve population inversion. The scattering
rate is sensitive to the quantum well structure parameters.
Our result may be very useful for choosing an optimized
structure parameter for device performance such as in the
quantum cascade laser design and simulation.
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Basic Research Project (G20000683 and 2001CCA02800) and
the Special Funds for Shanghai Optic Engineering (011661075).
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